In this paper, we study the quasilinear elliptic system with Sobolev critical exponent involving both concave-convex and Hardy terms in bounded domains. By employing the technique introduced by Benci and Cerami (1991), we obtain at least cat(Ω) + 1 distinct positive solutions.
Introduction and Main Result
In this paper, we are concerned with the multiplicity of positive solutions of the following critical problem:
in Ω,
where Ω is a smooth bounded domain of R , ≥ 3, 0 ∈ Ω, 1 < < < , * = /( − ) is the critical Sobolev exponent, 0 < ] < ] where ] = (( − )/ ) is the best Hardy constant, and the parameter > 0, > 0, we assume that ( ) = + ( )+ − ( ) and ( ) = + ( )+ − ( ) where the weight functions and satisfy the following conditions:
( 1 ) , ∈ (Ω) with ‖ + ‖ ∞ = ‖ + ‖ ∞ = 1, where ± = max{± , 0} ̸ = 0 and ± = max{± , 0} ̸ = 0.
And the function satisfies the following conditions: 
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Moreover, there exists > 0 such that
The proof is almost the same as that in Chu and Tang [1] .
Recently, many papers have studied the multiplicity of positive solutions by way of fibering method and the notions of topological indices category for different semilinear, quasilinear, and nonlocal problems involving a critical exponent and concave and convex nonlinearities (see [2] [3] [4] ). Our goal here is to give a new result for this system by linking the number of positive solutions with the topology of the domain Ω. More precisely with the Category index, let us note cat ( ) is the least number of closed and contractible sets in which cover . Our main result is the following. 
This paper is composed of four sections. In Section 2, we give some results for the Nehari manifold associated of the energy functional and fibering maps. In Section 3, we will build homotopies between Ω and certain sublevel set of the energy functional associated with (1). Finally we prove the result in Section 4.
The Nehari Manifold Associated with the Energy Functional and Fibering Maps
Let the Sobolev space
0 (Ω) with the usual norm:
Also, the standard norm of the space
Moreover, a pair of functions ( , V) ∈ is said be to a weak solution of problem (1) if
We know that looking for weak solutions of (1) is like looking for the critical points of the associated functional
where
. By the above Remark 1, the functional , ( , V) is well defined on the space and is of class 1 ( , R). Therefore, the solutions of (1) correspond to critical points of , . Let us denote by N , the Nehari manifold related to , , given by
Namely,
Notice that the functional , is not bounded below on the total space for that we consider the functional on the Nehari manifold. Define
Let ( , V) ∈ N , , and by easy calculation we have
Proof. Let ( , V) ∈ N , , and applying the Hölder inequality and the Sobolev embedding theorem, Young inequality, and Condition ( 1 ) we have
and we deduce
Thus, , is coercive and bounded below on N , . Now, we split the Nehari manifold N , into three parts, namely,
Then, we have the following results.
Proof. The proof is standard; you can see [4] .
Proof. Suppose the contrary; that is, there exist , > 0 with 0
and
By ( 5 ) and applying the Minkowski inequality and the Sobolev embedding theorem, we have
so
Combining (15) and (18), we have
then
By (12) we have
We deduct from (20) and (22) that
which is a contradiction.
, and we define
Lemma 6. (i) For some Λ * > 0 and for
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Proof. You find the same proof in the following reference [5] .
We define a cut-off function
From Li Wang, Qiaoling Wei, and Dongsheng Kang [6] , we have
, and verifying , this
Lemma 7.
Proof. Set 0 = 1 and V 0 = 2 and ( 0 , V 0 ) ∈ , where 1 , 2 ∈ R + , 1 + 2 = 1, and inf ∈Ω ( , 1 , 2 ) ≥ . Then by ( 5 ), the definition of , and (27), we have
We use the following relation:
For the reverse inequality, the application of the mountain pass theorem gives us a Palais-Smale sequence {( , V )} ⊂ for 0,0 at level 0,0 and from here we can show that {( , V )} is bounded in using standard arguments. Since
Assuming that , V ≥ 0, we find
From definition (25) of , we get
Since 0,0 ( , V ) → 0,0 implies = 0,0 , we deduce from (36) that
Then from (31) and (37) we obtain
Next we prove that , satisfies the Palais-Smale condition under some level. Before, we need the following lemma.
as → ∞.
Proof. (The idea of this proof was borrowed from [7])
Abstract and Applied Analysis 5 Lemma 9. , satisfies the ( ) −condition for
where > 0 is independent on and .
Proof. The proof is similar to that of Lemma 2.1 in [8] .
Let ( , V) ∈ , with ∫ Ω ( , , V) > 0, and put
Then the following lemma holds. Its proof is similar to the lemma [4] (or see Tarantello [9] ). 
Lemma 11. For some , > 0, and
Proof. First, we claim that there exist positive constants 1 , 2 > 0 independent of such that
Let 0 = 1 and V 0 = 2 V . We obtain
Then, by ( 5 ) and (27) we deduct that
then is bounded above as → 0. Using Lemma 10, we have
then we can also suppose that is bounded below. By a direct calculation we have
and the constant is a positive. So
We have * − − < < , and there exist > 0 such that
Let
By the following relation, for , > 0 and ∈ [0, 1], we have ( + ) < + , and we obtain
By (51) we have
Then, there exists Λ * > 0 such that /( − ) + /( − ) ∈ (0, Λ * ), and we have
so by definition
For the case = * − /( − ), so we get the same result. 
Some Technical Results
Lemma 13. Let ( ) and ( ) decreasing sequences in (0, Λ * ) for some Λ * > 0 and converging to 0, so lim →+∞ − , = 0,0 .
Proof. By Lemma 6 there exists a sequence
and , ( , V ) = 0.
There exists a real number sequence satisfying ( ,
Since, by Lemma 10 for all we have
Moreover, ( , V ) ∈ N 0,0 implies that
and we deduct that , ( , V ) = − , ≤ 0,0 and , ( , V ) = 0. We get that {( , V )} is bounded in .
We can now say that is a bounded sequence, if we assume by contradiction that lim →+∞ = ∞. We find lim →+∞ ,
which implies by (60) that
which is a contradiction with (63).
We consider the following lemma. See section 5.3 in [10] .
Lemma 14. Suppose that is Banach space and ∈ C 1 ( , R). Assume that, for 0 ∈ R and ∈ N,
Then has at least critical points in { ∈ , ( ) ≤ 0 }.
Let us consider tow subset of R
Note that Ω + and Ω − are homotopically equivalent to Ω for some > 0. We may assume fl (0) ⊂ Ω. We consider fl {( , V) ∈ 
We denote bỹ,
, , ( , V) .
Similar to , , , , can be shown to satisfy restricted versions of the same three Lemmas 7, 9, and 11. We consider 
Let 
Then ∘ can be rewritten
Remark 15. 
